A sufficiently rigid relativistic elastic solid can be stable for negative pressure values and thus is capable of driving a stage of accelerated expansion. If a relativistic elastic solid drove an inflationary stage in the early Universe, quantum mechanically excited perturbations would arise in the medium. We quantize the linear scalar and tensor perturbations and investigate the observational consequences of having such an inflationary period. We find that slowly varying sounds speeds of the perturbations and a slowing varying equation of state of the solid can produce a slightly red-tilted scalar power spectrum that agrees with current observational data. Even in the absence of non-adiabatic pressures, perturbations evolve on superhorizon scales, due to the shear stresses within the solid. As such, the spectra of perturbations are in general sensitive to the details of the end of inflation and we characterize this dependence. Interestingly, we uncover here accelerating solutions for elastic solids with 1 + P/ρ significantly greater than 0 that nevertheless have nearly scale-invariant scalar and tensor spectra. Beyond theoretical interest, this may allow for the possibility of viable inflationary phenomenology relatively far from de Sitter regime.
I. INTRODUCTION
The inflationary paradigm, the existence of a brief period of accelerated expansion in the early Universe, provides an explanation for the observed homogeneity, isotropy and flatness of the Universe. On large scales it successfully accounts for the distribution of fluctuations seen in the Cosmic Microwave Background (CMB) and the large-scale structure of the Universe. Inflation is often modelled in terms of a scalar field slowly evolving in its potential. Yet, the physical model of inflation is not known and even within the context of scalar fields many models are compatible with current observations. It is worthwhile exploring whether or not other physical frameworks, more general than a scalar field, can successfully account for a period of inflation.
In this paper, we build a model of inflation that describes the substance that drives inflation by a continuous medium that can be characterized by its macroscopic properties. The simplest model of a continuous medium in general relativity is a perfect fluid. To drive an accelerating expansion, the medium must have an equation of state w ≡ P/ρ < −1/3, where ρ and P are the energy density and pressure of the fluid, respectively. However, a perfect fluid with constant w has a sound speed for longitudinal (density) waves of c s = √ w, so demanding that the fluid drive an accelerated expansion formally results in an imaginary sound speed and an instability to small perturbations.
One generalization of a perfect fluid is a relativistic elastic solid. Elastic solids have a rigidity, and so can support both longitudinal and transverse waves. An elastic solid (both relativistic and non-relativistic) can be characterized by a bulk modulus κ that depends on the equation of state w, and shear modulus µ that determines how rigid the solid is. As in the non-relativistic case, the longitudinal sound speed c s depends upon both κ and µ, while the transverse sound speed c v only depends upon µ. In the relativistic case, a sufficiently rigid elastic solid can result in a real longitudinal sound speed c s , even in cases where w is negative enough to drive acceleration.
In this paper we describe a model of a homogeneous and isotropic elastic solid coupled to general relativity. This model has previously been considered as a potential model of dark energy [1, 2] and recently similarities between a relativistic elastic solid and massive gravity have been noted [3] . In this work, we discuss in detail how an elastic solid can drive an inflationary epoch in the early Universe.
1 Linear perturbations in an elastic solid satisfy the equations of motion found in Ref. [2] , which uses the framework for describing a macroscopic relativistic medium developed in Ref. [7] . We develop the quadratic action for a generic elastic medium, quantize the linear modes that are excited during inflation, and determine the spectra of scalar and tensor modes produced by an inflationary stage driven by an elastic solid.
A novel feature of this model is that, in contrast to what typically occurs when the Universe is dominated by a single substance, the anisotropic stress of the solid causes modes to evolve on superhorizon scales. As such, the final spectrum of superhorizon modes is sensitive to the manner in which inflation ends. We show here that the case where the sound speeds and equation of state are perfectly constant results in a blue-tilted scalar power spectrum, but if these quantities vary slowly in time then 1 The notion that a relativistic elastic solid could drive inflation was first discussed in Ref. [4] and more recently in Ref. [5] . We treat the problem in detail starting with the quadratic action for an elastic solid and in particular include a careful treatment and discussion of superhorizon evolution and reheating where some of our results differ from Ref. [4] . Ref. [6] has also very recently examined the implications of anisotropic superhorizon evolution in an inflating elastic solid.
a red-tilted scalar power spectrum is possible. While we do not specify a particular microphysical model for or formation mechanism of the elastic solid, we note that relativistic elastic solids have been used to model a variety of physical systems including networks of topological defects [8, 9] . Interestingly, we find here that in models with slowly evolving material properties a scalar spectral index near n s 1, compatible with current observational constraints, can be found for w relatively far from the nominal inflationary value w −1. This paper is organized as follows: In Sections II and III we review the relevant Einstein equations and linearized perturbation equations for a relativistic elastic solid. In Section IV we derive the action for the scalar and tensor linear perturbations of a relativistic elastic solid. The superhorizon evolution in this model is discussed in Section V and its application to a period of inflation in the early Universe is discussed in Sections VI to VIII.
II. EINSTEIN EQUATIONS
We consider the flat Friedmann-Robertson-Walker (FRW) metric
where η is the conformal time, η αβ is the metric for Minkowski space and the tensor h αβ represents small perturbations to η αβ . The energy density ρ and pressure P of the background in a flat universe can be expressed as
where a prime represents a derivative with respect to the conformal time η, H = a /a = aH, H is the Hubble parameter, and l = 8πG/3 is the Planck length. We assume that we can parameterize the pressure by P = wρ, where w is referred to as the equation of state, so that with Eq. (2) we can form the differential equation for H
Using the Friedmann equation
the relationship between dP/dρ and w is found to be
2 We use signature (+,-,-,-) and units in which c = = k B = 1.
We parameterize the metric in Eq. (1) as
where h is the trace of the spatial part of the metric perturbation and E ij is traceless. If we decompose the tensor E ij into scalar, vector, and tensor parts, then the scalar component of the spatial part of h αβ is
where ψ ≡ −
is the curvature perturbation and we denote the tensor part of 2E ij by the conventional notation h T ij , which in addition to being traceless is transverse (h T i j,i = 0). The stress-energy tensor is parameterized in the standard form as
where δρ and δP are the energy density and pressure perturbations, respectively, v i is the velocity perturbation, and Π i j is the anisotropic stress. The gauge-invariant Einstein equations for the scalar perturbations are
where
, and the energymomentum conservation equations are
where the gauge-invariant perturbation variables are defined as
noting that Π is already a gauge-invariant quantity. The sole Einstein equation for the tensor perturbations is
III. ELASTIC SOLID
In this section, we briefly summarize the formalism in Ref. [7] for a continuous relativistic medium and the findings of Ref. [2] for the linear perturbations in an isotropic relativistic elastic solid.
As shown in Ref. [7] , the behaviour of a continuous relativistic medium can be described by use of two different manifolds: a three-dimensional manifold F used to characterize the internal state of the medium and a fourdimensional spacetime manifold M used to describe its relativistic evolution. A projection P : M → F is used to project timelike lines in M onto points in the material space on F. This can be interpreted as projecting the worldline of a 'particle' of the medium onto a single point in the material space. The internal properties of the medium are characterized through tensors defined on F that are then mapped onto M via the inverse image P −1 . We use uppercase Latin letters A, B, . . . and lowercase Greek letters µ, ν, . . . to label the indices of tensors defined on F and M, respectively.
As the four-demensional projection tensor γ µν = g µν − u µ u ν can be used to find the distance between adjacent particles in their local rest frame, γ µν and its material space counterpart γ AB characterize the strain of the medium. Working in material space, we assume that the energy density ρ and pressure tensor P AB can be expressed in terms of the strain tensor γ AB and are related by
in close analogy to the classical case, where |γ| is the determinant of γ AB . The elasticity tensor E ABCD has been introduced in Eq. (13b) to relate stress and strain tensors, as in the classical case.
As shown in Ref. [2] , specifying the pressure and elasticity tensors is sufficient for describing the behaviour of linear perturbations in a relativistic elastic solid. By relating derivatives in F and M, the spacetime pressure and elasticity tensors for an isotropic elastic solid are
where P is the pressure scalar and Σ µνρσ is the shear tensor given by
with µ being the shear modulus. For a perfectly elastic medium, the stress-energy tensor is related to the pressure tensor by
where u µ are flow vectors tangent to worldlines. An elastic solid has a resistance to compressive and shearing motions and thus can support both longitudinal and transverse waves, which travel at speeds c s and c v , respectively. In both the relativistic and non-relativistic cases, c s is dependent upon both the bulk modulus κ and the shear modulus µ, while c v is dependent only upon µ. In the non-relativistic case, the sound speeds and bulk modulus are given by [10] 
where the energy density ρ is dominated by the mass contribution in the non-relativistic limit. The sound speeds for the relativistic case can be found by making the substitution ρ → ρ + P so that [11] 
and the bulk modulus is now given by κ = (ρ + P )dP/dρ. We can see that even in the case where dP/dρ is negative, a real value for longitudinal sound speed c s can be obtained if the rigidity is sufficiently large. We now examine the perturbations in the elastic solid. Perturbations in a continuous medium can be described by a shift vector ξ α = ξ α (x β 0 ), so that if a particle in a medium is at position x β 0 when no perturbations are present, then the particle would be at position
when perturbations are present. By use of the above equations, it can be shown that the linear perturbations that arise in the stress-energy tensor can be written in terms of the shift vector ξ α as [2] 
By comparing these equations to the standard parameterizations given in Eq. (8), we can make the following identifications
We note that Eq. (20c) implies that entropy perturbations are not present in the solid in the sense that the pressure perturbation is fully specified by the energy density and not the entropy. Taking the scalar parts of these equations yields
where ξ S is the scalar part of the shift vector. Using Eq. (21a), we can rewrite the anisotropic stress as
where we have identified the gauge-invariant variable ζ as
which can be interpreted as the curvature perturbation on uniform density hypersurfaces or as the density perturbation on uniform curvature hypersurfaces. The tensor perturbations are simple in comparison. Eq. (20) implies that the tensor part of the anisotropic stress is simply
Having characterized the general properties of our material, we can now begin to examine how perturbations are excited in an elastic solid.
IV. ACTION
To quantize the linear perturbations in the elastic solid, we start with its action and perturb it to second order in the perturbation variables to yield linear equations of motion. We decompose the action as S = S m +S gr , where S m and S gr are the matter and gravitational parts of the action, respectively. The gravitational part of the action is given by
where g ≡ det(g µν ) and R is the Ricci scalar. The matter part of the action for a continuous medium is given by [12] 
In the above equation, ρ tot is the total energy density, which we decompose as ρ tot = ρ is the additional energy density arising from shear stresses in the elastic solid. The perfect fluid parts of the action taken to second order in the perturbation variables can be expressed as [13] 
where here the subscript 0 indicates the background value, δ 1 and δ 2 denote the terms in a variable containing first and second order perturbations, respectively, and n is the number density. For a relativistic isotropic elastic solid, ρ tot e is given by [1] 
so that the action for the elastic part perturbed to second order is
A. Quantization of Scalar Modes
Using the expressions for the action as described above, the scalar part of the perfect fluid action, including the gravitational part, perturbed to second order can be found to be [13] 
We now wish to put the action in canonical form. We will work in the comoving gauge where v = B = 0. The main reasons for this choice of gauge are that the action above is simplified greatly in this gauge and that the gauge-invariant variable R, defined by
in the comoving gauge is simply related to the metric perturbation ψ by R = ψ and so represents the curvature perturbation in this gauge. If we are able to form an expression solely in terms of ψ in this gauge, the gaugeinvariant expression can then be trivially found by substituting R for ψ. In the comoving gauge, the Einstein equations (9a) and (9b) and the momentum conservation equation (10b) are
Using Eqs. (31b) and (31c), the fluid part of the action in the comoving gauge becomes
where a total derivative term has been dropped. We now turn our attention to the additional part of the action for an elastic solid given in Eq. (29). For the scalar part of the anisotropic stress tensor, we have (
, so the scalar part of the elastic part of the action is
where we have used the sounds speeds in Eq. (18) . We can then write the total action for the scalar perturbations as
We can express ∇ 2 Π as a function of ψ by using Eqs. (22), (31b), and (31c), which yields
Using this expression in the action above gives
where we have cast the action into a gauge invariant form and a total derivative term has been dropped. We have defined z by
We can now define the canonical variable u as
so that the action becomes
where another total derivative term has been dropped and the effective mass is
Varying the action with respect to u leads to the equation of motion
It is clear that the action in Eq. (39) has the same form as the action for a harmonic oscillator with timedependent mass, so we may use the same quantization procedure as is used to quantize a harmonic oscillator. The conjugate momentum π to u is
We now promote u and π to operatorsû andπ and impose the commutation relations
Using the Fourier conventions
we can write u k in terms of the creation and annihilation operatorsâ †
(45) and the mode function χ k (η) obeys
The commutation relations in Eq. (43) imply the normalization
Once we solve for the mode function χ k from the differential equation in Eq. (46), subject to the the normalization condition above, we can calculate the power spectrum for the scalar perturbations
2 . We will see in Section V that the perturbations associated with a single scalar mode with wavevector k is anisotropic, due to the presence of anisotropic stress. However, each mode has the same evolution (the solution for χ k in Eq. (46) is the same for each k with the same magnitude k). As discussed in Section V, we will assume that expectation values are isotropic, so that
. As a result, the integrand of the integral over d 3 k in the two-point correlation function for the operatorû(x, η) with the vacuum state will depend only on k, so we can trivially integrate over the solid angle dΩ k , so that
k|x −x| (48) We can now identify the power spectrum for u as P u (k) = k 3 4π 2 |χ k | 2 and using Eq. (37) the power spectrum for R will be
B. Quantization of Tensor Modes
We now turn our attention to the tensor modes. For notational convenience, we will drop the T superscript in this section.
Using the tensor part of the metric in Eq. (6) to calculate the tensor part of the Ricci scalar R, the gravitational part of the action can be found to be
The only contribution to matter part of the action is from the tensor part of the anisotropic stress, given by Eq. (24), which using the elastic part of the action in Eq. (29) is
With the transverse sound speed given in Eq. (18), the total action becomes
It is convenient to express h 
We can define the canonical variable U p for the tensor perturbations as
so the action becomes
where a total derivative has been dropped and the effective mass for the tensor modes is given by
As with the scalar perturbations, the action for the tensor perturbations has the same form as the action of a harmonic oscillator with time-dependent mass. We can therefore use the same quantization procedure as was used with the scalar perturbations. We promote the canonical variable U p to an operator and write it in terms of creation and annihilation operators aŝ
and so the equation of motion for the mode function X k is
The commutation relations analogous to Eq. (43) for the tensor case yields the normalization condition
Accounting for both polarization states, the two-point function for the tensor perturbations with the vacuum state is then
with which we can identify the tensor power spectrum P h as
An interesting phenomena in this model is that both ζ and R evolve on superhorizon scales, even when the elastic solid is the only substance present in the Universe. Typically, this type of superhorizon evolution only arises in the presences of a non-adiabatic pressure δP nad = δP − (dP/dρ)δρ. From Section III, we saw that δP/δρ = dP/dρ for an elastic solid, so the nonadiabatic pressure vanishes. However, the addition of the anisotropic stress in the elastic solid adds another type of stress to the system, which causes superhorizon evolution in a similar manner to cases when non-adiabatic pressures are present.
In the standard case when only adiabatic and isotropic pressures are present, both ζ and R remain approximately constant on superhorizon scales because once smoothed on a scale much larger than the horizon, each patch of the Universe smaller than the smoothing scale evolves approximately like a separate unperturbed FRW universe. This idea is known as the 'separate universe approach' [14] . The locally defined expansionθ(x, t) with respect to coordinate time t is given bỹ
where an overdot denotes a derivative with respect to coordinate time and σ =Ė − B is the (local) shear. Considering a flat slicing (ψ = 0), the local expansion will be equal to the background value if we can safely neglect the effects of the shear on large scales. In this case, since the (total) energy density evolves according to the local energy conservation equation, which to linear order iṡ
then after smoothing on superhorizon scales, the local energy density at each location will (approximately) follow the same unperturbed FRW evolution. Therefore, the difference between the energy density perturbations at different locations will be kept approximately constant in time and since ζ is proportional to the energy density perturbation in a flat slicing, ζ will be approximately constant on superhorizon scales.
3
As was shown in Ref. [15] , when the anisotropic stress is neglected, the shear is in fact negligible on large scales. However, the anisotropic stress acts as a source term for the shear (see Eq. (31) of Ref. [16] ), causing the shear to be non-negligible on superhorizon scales in the case of an elastic solid. If the shear cannot be neglected, then different locations in the Universe after smoothing on superhorizon scales will not evolve as an unperturbed FRW universe owing to the fact an FRW spacetime is shearfree and in general the local expansion will be position dependent in a flat slicing.
Working in the gauge where ψ = B = 0 so that the shear is σ =Ė, the trace-free part of the spatial components of the Einstein equations in Fourier space iṡ
As we can see, the shear is indeed sourced by the anisotropic stress and will evolve on superhorizon scales unless the anisotropic stress is negligible on these scales. It is easily seen from Eq. (22) that for an elastic solid the anisotropic stress is significant (i.e. comparable to the energy density and pressure perturbations) on superhorizon scales since in a spatially flat slicing Π k = −2(c 2 v /w)δ k . Therefore, we will have |Π k | ∼ |δ k | in this slicing for a sufficiently rigid solid and the shear will evolve aṡ
so that the shear is sourced by the (non-negligible) density perturbations on superhorizon scales when viewed in this gauge. If we consider a mode with wavevector k = (0, 0, k) then the scalar part of the anisotropic stress tensor in Fourier space, given by (Π
, the scalar perturbation to the spatial part of the stress tensor in a spatially flat slicing will be (δT
Instead of considering perturbations about a FRW spacetime, we now examine the behaviour of an unperturbed Bianchi spacetime, which have the defining properties of being homogeneous and in general anisotropic. We concentrate on the Bianchi type I spacetime that has the metric
where a x , a y , and a z are directional scale factors. The properties of nearly-isotropic Bianchi spacetimes were detailed in Ref. [17] , which treated their departure from isotropy as a linear perturbation. After smoothing on superhorizon scales, the metric perturbation E ij in Eq. (6) from perturbing about a flat FRW spacetime is simply the symmetric trace-free tensor characterizing the anisotropy of a nearly isotropic Bianchi I spacetime to linear order. 4 For example, consider the mode k = (0,
A tensor mode with 'plus' polarization, denoted by h + , would evolve with directional scale factors a x = a + h + , a y = a − h + , and a z = a.
For a single mode, we can absorb the shear on superhorizon scales into the background spacetime by perturbing about a Bianchi I spacetime instead of a flat FRW (which is the isotropic special case of Bianchi I). In this case, after smoothing on superhorizon scales, perturbations would again evolve according to an unperturbed metric, but in general would be of type Bianchi I, not FRW. In the standard inflationary scenario, the shear is negligible on superhorizon scales so E ij is approximately constant on these scales and can be removed from the metric by a simple coordinate redefinition, leaving the isotropic special case of our spacetime.
Although a single mode is formally anisotropic, in the case of inflation, modes are excited on a wide range of scales in all directions. We assume that initial perturbations are drawn from an isotropic Gaussian distribution and that expectation values will be isotropic and therefore continue to examine the perturbations in the metric in Eq. (1) in which perturbations are taken about an isotropic FRW spacetime. [17] . Also note that on superhorizon scales, by making the substitution σ →Ė, Eq. (64) is approximately Eq. (39) in Ref. [17] . 5 Although we take the expectation values over a single realization to be isotropic, in principle, a residual net anisotropy might persist. The persistence of anisotropic geometries in this context has recently been studied in Ref. [6] . We set aside here questions pertaining to the precise size and impact of sustained anisotropies and only assume that corrections to the evolution of
VI. INFLATION
We now apply the results of the previous sections to the case where inflation is driven by an elastic solid. We divide the analysis into two parts: the simple case with constant sound speeds and equation of state and the case where they are varying in time. We then consider the more specialized case where the sound speeds and equation of state slowly vary with time.
A. Inflation with Constant Sound Speeds and Equation of State
With constant equation of state, H can easily be solved from Eq. (3) with appropriate integration constant as
From Eq. (40), we see that in this case the effective mass for the scalar modes becomes
The general solution for the mode function χ k (η) can now easily be found from Eq. (46) as
where H
ν and H (2) ν are the Hankel functions of the first and second kind, C 1 and C 2 are integration constants and the index ν is
When a mode is well within the horizon with c s k|η| 1, the mode function can be approximated by
which is the solution for Minkowski space. We initialize the mode by assuming that it is in its lowest energy state when it is well within the horizon, with mode function
With these constants of integration, the mode function becomes
linear perturbations in an isotropic background appear at higher order.
When the mode is far outside the horizon with c s k|η| 1, the mode function can be approximated as
where Γ(ν) is the gamma function. With the evolution of the mode function χ k for modes well outside the horizon, we find the power spectrum for R to be
Since for constant equation of state the scale factor evolves as a ∝ |η| 2 1+3w , we do indeed see that R k evolves with time when the mode is on superhorizon scales if c v is nonzero. Using Eq. (67), we can write the power spectrum in terms of the Hubble parameter as
(76) Although modes evolve on superhorizon scales, all modes well outside the horizon share the same time evolution. In other words, the presence of superhorizon evolution will not affect the relative scale dependence of modes on superhorizon scales. Thus, we can calculate quantities like the scalar spectral index n s = 1 + dlnP R /dlnk and its running using the same methods that are used in the case where the superhorizon evolution is small.
For constant sound speeds and equation of state, the scalar spectral index is n s = 4 − 2ν. The necessary restrictions of −1 < w < −1/3, 0 ≤ c 2 v ≤ 1, and 0 < c 2 s ≤ 1 imply that n s is bound from below by one. Thus, the scalar power spectrum for this case can only have a blue tilt, which has been ruled out to a high degree of likelihood [18] . If w is near −1, we can see from Eq. (68) that the effect of the shear stress on m 2 eff,S will be small and a nearly scale-invariant spectrum will be produced, as the case in many models of inflation.
It is interesting to note that c s near zero (w near − 4 3 c 2 v ) also produces a nearly scale-invariant two-point spectrum. In this case, the w dependence of the −z /z and 4c 2 v β terms in m 2 eff,S cancels with one another so that a nearly scale-invariant spectrum can be produced for values of w far from −1 (but still bounded by −1 < w < −1/3). This result is not possible in standard inflationary models since the 4c 2 v β term is absent in these cases, so the w dependence of m 2 eff,S remains important. As discussed in Ref. [20] , inflationary scenarios that produce a nearly scale-invariant two-point function with a background in the far from de Sitter regime generically do not have nearly scale-invariant higher-point correlations provided the perturbations are adiabatic in the sense of Ref. [21] -which requires the anisotropic stress to be negligible on large scales. However, the elastic solid model we describe here requires non-negligible anisotropic stress on large scales for a consistent description of linear perturbations. We leave the interesting question of higher-point correlation functions in far from de Sitter accelerating elastic solid models for future work.
Additionally, when w is far from −1, one must take care that an adequate number of e-folds of inflation can occur as the energy density and horizon size may evolve significantly during inflation. This can alter the minimum number of e-folds required to solve the 'horizon problem'. An upper bound on the number of e-folds of inflation will be set by putting bounds on the energy density, set on the lower end by the reheat temperature and on the higher end by a high-energy limit (see Appendix B for further details). Requiring inflation to start below the Planck scale and end with temperatures above ∼10's of MeV puts an upper bound on the equation of state of w −2/5 when a nearly scale invariant spectrum is achieved. However, as will be discussed in Section VIII, a power spectrum amplitude compatible with current observations requires either very small values of c s or supra-Planckian densities for values of w extremely far from −1.
B. Non-Constant Sound Speeds and Equation of State
Since having the sound speeds and equation of state perfectly constant cannot result in a red-tilted scalar spectrum, we would like to examine if adding a time dependence can result in a red-tilted scalar spectrum. It will prove useful to introduce an alternative time variable q, defined by In the previous section, the mode function was easily solved because m 2 eff,S was inversely proportional to η 2 . Accordingly, we reparameterizem 
To obtain a solution where the running of n s is small, we consider solutions where B S is nearly constant, in which case Eq. (80) would have solution
where the index γ S is
As with the previous case, we choose the integration constants C 1 and C 2 to select the lowest energy state when kq 1. This coincides with the asymptotic solution in Eq. (72) if the change of c s with time is small at some early time when all modes of interest are well within the horizon. Writing the normalization condition in Eq. (47) in terms of the mode function y k and the time variable q gives
With these choices, the mode function y k evolves as
When dealing with the time variable q, k|q| ∼ 1 does not necessarily imply c s k|η| ∼ 1. However, in the case when c s varies slowly in time, as is considered in Section VI C, then k|q| ∼ 1 when c s k|η| ∼ 1, in which case there will be no confusion about what is meant by a mode crossing the horizon. Analogously with the previous section, on superhorizon scales, the mode function y k is approximately equal to
at which time the power spectrum for R becomes
which implies that the scalar spectral index n s is now given by
It is trivial to check that in the case that the sound speeds and equation of state are constant, the above equations simplify to those given in the previous section. However, if we can find time-varying sound speeds and/or equation of state such that B S is approximately constant, the bounds on the index γ S may be extended to include redtilted scalar spectra.
C. Slowly Varying Sound Speeds and Equation of State
From the above considerations, we wish to find a parameterization of the sound speeds and equation of state that allows for a small variations in time in such a way that results in B S being approximately constant and allows the scalar spectral index to be less than one.
We will use the variable , which coincides with the slow-roll variable from standard inflationary scenarios, defined by
so that w = −1 + 3 . In this context, simply parameterizes the departure of w from -1. We parameterize as (η) = 0 + f (η) for some slowly varying function f (η). We write the time dependence of f as
If we assume that |τ | 1, then (η) will be given by
for some reference time η * . With this time dependence, w slowly varies near −1 + 2 3 0 for sometime, but at some later time, it will evolve at a more rapid pace. We will choose the reference time η * to be the end of inflation to ensure that the time dependence of w is small during inflation. We also allow c s to vary in time and use a parameterization analogous to the one used for , so that 
The requirement that B S be approximately constant for η ≤ η * is met so long as both τ and τ s are sufficiently small. Note that solutions where w departs significantly from −1 are valid since 0 is not required to be small. If we desire w to stay close to −1, we would add the restrictions | 0 | 1 and | 1 | 1. To obtain a slightly red-tilted scalar spectrum, we will want the sound speeds and equation of state to evolve near constant values that result in a nearly scale-invariant (blue-tilted) scalar spectrum. Therefore, from Section VI A, we will want to consider solutions where at least one of 0 and c s0 are small.
For the rest of this paper, we restrict ourselves to cases where | 1 | 1, in which case Eq. (3) can be used to solve for H and subsequently the scale factor a, which to linear order in τ and 1 is
where a * is the value of scale factor at η = η * . In the case where 0 = c s0 = 0, B S to first order in our small parameters is found to be
and the scalar spectral index n s becomes
from which we see can yield a red-tilted scalar spectrum (see the first three rows of Table I for examples). Note that although c s → 0 if c s0 = 0 in the limit where η → −∞, c s at the beginning of inflation will not be significantly different from its value at the end of inflation (c s (η * ) = c s1 ) as long as |τ s | 1 and the number of e-folds of inflation is modest (i.e. 100's of e-folds).
As previously stated, we can still estimate the running of n s by conventional means where relevant quantities are evaluated at horizon crossing. As horizon crossing occurs when c s k|η| ∼ 1, at horizon crossing dlnk ∼ −(η
For 0 = c s0 = 0, the running to second order in our small parameters is
from which we see that the running of n s vanishes at first order. As in the constant sound speeds and equation of state case, we find that we are not restricted to very small values of 0 and c s0 , although for brevity we will not explicitly write out n s and its running and instead illustrate through numerical examples. In fact, we can formally find solutions with w varying slowly near values up to −1/3, corresponding to values of 0 just below 1, that result in a slightly red-tilted scalar spectrum with a small running of its spectral index, although, as previously mentioned, achieving the necessary number of e-folds of inflation becomes increasingly challenging for values of w very far from −1.
As an example, choosing 0 = 1/4 so that w varies close to −5/6 and taking the other parameters to have the values listed in the fourth row of Table I , we obtain a scalar spectral index n s ≈ 0.96 and running dn s /dlnk ∼ −10 −5 . Another example where w varies near −2/3 is given in the fifth row of Table I. Note that the reheat temperature used in this example is significantly lower compared to the other examples listed in the table to allow for the required number of e-folds of inflation (see Appendix B for details). Choosing c s0 to be non-zero instead of 0 , with c s0 = 0.15 and the values in the last row of Table I yields a scalar spectral index of n s ≈ 0.96 and running dn s /dlnk ∼ −10 −3 .
We conclude this section by writing the power spectrum for R at the end of inflation for superhorizon modes, which from Eq. (86), is
where the subscript * denotes evaluation at η = η * . Since modes can evolve on superhorizon scales, P R (k) at the end of reheating may be different from the expression given above. This concern will be addressed in Section VIII.
VII. GRAVITATIONAL WAVES
To find the amplitude of gravitational waves produced during inflation, we need solve for the equation of motion of the mode function X k in Eq. (58), which can be solved in an analogous manner to χ k in the scalar case. This task will be relatively easy compared to the scalar perturbations, since the tensor perturbations travel with a sound speed equal to unity so there is no need to switch time variables in order to solve the differential equation for X k . Analogous to the scalar case, for the tensor modes we can define
Using the parameterizations of the sound speeds and equation of state in Section VI C, B T to first order in τ s , τ , and 1 with 0 = c s0 = 0 is
Since B T is constant to linear order in our small parameters, the tensor mode function in Eq. (58) has solution
where C 1 and C 2 are new constants of integration and the index γ T is
The choice of C 1 = 0 and C 2 = 1 satisfies the normalization condition of Eq. (59) and selects the lowest energy state when the mode is well within the horizon. When modes are well outside the horizon, the mode function can be approximated as (126), respectively. In examples where either 0 = 0 or c s0 = 0, n s and n T are calculated by first computing B S or B T , as defined in Sections VI B and VII, respectively. The power spectrum for ζ has been parameterized as P ζ (k) = A ζ (k/k p ) ns−1 where k p = 0.002 Mpc −1 . In calculating A ζ and r, the model of a rapid decay into radiation was assumed to end inflation and reheat the Universe. For cases with c s0 = 0 = 0, A ζ and r are calculated using Eqs. (121) and (126), respectively. For examples with either 0 = 0 or c s0 = 0, A ζ and r are calculated using the power spectra given in Eqs. (98) and (106), respectively, along with the relevant equations found in Section VIII to relate R, h just before the end of inflation to ζ, h following the end of inflation. All examples use g RH = 106.75.
Using this approximation for the mode function with Eq. (61) yields the power spectrum for gravitational waves on superhorizon scales
When 0 = c s0 = 0, the tensor spectral index
At the end of inflation, the tensor power spectrum can be written as
VIII. END OF INFLATION AND REHEATING
Unlike in cases where the superhorizon evolution of modes is small, the details of the end of inflation will affect the amplitude of modes on superhorizon scales, although the time evolution of all superhorizon modes will be the same. There are many possibilities for ending inflation and reheating within this model. One possibility is once all modes of interest are on superhorizon scales having w increase rapidly so that it surpasses −1/3 and the Universe stops inflating. At some later point, the solid can lose its rigidity, at which point the superhorizon evolution will be small and the details of reheating will not affect modes on superhorizon scales. Another possibility, which we will examine in more detail, is that inflation ends with the decay of the elastic solid.
In general, ζ k and R k will not be equal during inflation on superhorizon scales. We can easily find the relationship between ζ and R by using Eqs. (22) and (35), which
from which we see that in general, even on superhorizon scales, ζ k = R k . After inflation ends and the rigidity vanishes, the superhorizon evolution will be small and ζ k ≈ R k , but the change in ζ k and R k must be tracked through the transition that ends inflation.
We now consider the case where the elastic solid rapidly decays into a perfect fluid to end inflation. Following Ref. [19] , we can write the total stress-energy tensor as
where T µν (α) is the stress-energy tensor of component α = {e, f }, with e and f denoting the elastic solid and perfect fluid decay product, respectively. For this analysis, it will be more convenient to use the coordinate time t instead of the conformal time. While the local energy-momentum transfer 4-vector Q ν (α) for each species can be non-zero, so that
we must have α Q ν (α) = 0 so that the total stress-energy tensor is covariantly conserved.
For the scalar perturbations, we can define a ζ α variable for each substance α, defined by
that is related to the total ζ by
Similarly, the variable R α for each substance, defined by
is related to the total R by
The total energy density ρ and pressure P are given by ρ = α ρ α and P = α P α , while the entropy perturbation between substances α and β is
and its relative velocity perturbation is given by
For the decay of the elastic solid to a perfect fluid, the energy-momentum-transfer is given by
where u β is the total velocity 4-vector of the elastic solid and the perfect fluid and Γ is the decay rate of the elastic solid into the fluid (not to be confused with the gamma function used previously).
In the current case, where a single substance is decaying into another single substance, we expect that entropy perturbations will not be generated in the decay. In general, the evolution of the entropy perturbation between the elastic solid and the fluid is given by
is the background value of the time component of the energy-momentum-transfer 4-vector. We refer to Appendix C for the explicit form of the background and perturbation equations used to derive this relation. We can see that if on superhorizon scales the entropy perturbation vanishes at some time, the entropy perturbation will stay approximately constant past this time. If the decay is rapid (Γ H), then any preexisting entropy perturbations will quickly be driven to zero at the very beginning of the decay. Therefore, for times of interest, we set the entropy perturbation to zero. With no entropy perturbation, ζ e = ζ f and ζ will be continuous across the decay, when it changes from ζ = ζ e before the decay to ζ = ζ f after the decay. On the other hand, we do not expect the relative velocity perturbation to be zero during the decay, so in general R will change rapidly during the decay as it goes from R = R e before the decay to R = R f ≈ ζ f on superhorizon scales after the decay. In this light, we will follow ζ instead of R from the end of inflation into radiation domination.
To find the post-inflationary scalar power spectrum, we match ζ and its first derivative at the time of the decay and will assume that the decay product is radiation. During radiation domination, on large scales ζ k evolves as
which has solution
where integration constants have been chosen so that ζ k and ζ k are continuous over the decay. From Eq. (119), we see that ζ k has both a constant and decaying mode during radiation domination. Within a few e-folds after the decay, the decaying mode becomes negligible, as seen in Fig. 1 . Table I .
Using Eq. (107) to calculate ζ from R before the decay, for the case where 0 = c s0 = 0, we find that the relationship between P ζ (k, a a * ) and P R (k, a * ) right before the decay, given in Eq. (98), is
As c s1 < 1 (but not necessarily c s1 1), typically ζ k will be larger than R k , in which case if ζ k is in the linear regime, so will R k .
We can express the power spectrum of ζ in terms of the pivot scale k p = 0.002 Mpc −1 as P ζ (k) = A ζ (k/k p ) ns−1 . Assuming rapid reheating, for the c s0 = 0 = 0 case A ζ can be written as where T RH is the reheat temperature and g RH is the effective number of relativistic degrees of freedom contributing to the energy density at reheating. 6 In the above expression, ∆ is a constant that is given in detail in Appendix D. For nearly scale-invariant scalar spectra, ∆ is of order unity. When the sound speeds and equation of state are constant, A ζ is given by the same expression except with the substitutions c s1 → c s and 1 → .
Tracking the effect of a rapid decay to radiation on the tensor modes is straight forward, since as seen in Eq. (12) the tensor modes will only be effected by the change in anisotropic stress. Accordingly, we match the tensor perturbations and their first derivatives across the decay as the anisotropic stress vanishes. From Appendix A, the equation of motion for the tensor perturbations is given by
Since there is negligible rigidity in the radiation fluid, the transverse sound speed will vanish after the decay. During radiation domination, superhorizon tensor modes have the same approximate evolution equation as the scalar modes in Eq. (118), therefore matching the tensor modes and their first derivatives across the decay will have the same form as the scalar mode solution in Eq. (119), so that
Using the above equation with Eq. (104), the postinflationary tensor power spectrum of superhorizon modes is related to its value at the end of inflation by
where the tensor power spectrum at the end of inflation in given in Eq. (106). The tensor-to-scalar ratio r = P h /P ζ after the decaying modes mentioned above are negligible for the 0 = c s0 = 0 case can now be found to be
The tensor-to-scalar ratio is mildly dependent on the (physical) wavenumber and Hubble rate at the end of inflation, since in general the scalar and tensor modes have different tilts. At the pivot scale k p , the tensor-to-scalar 6 In Eq. (121), we have assumed that all relativistic species are in thermodynamic equilibrium at T RH so that g RH = g sRH , where gs is the effective number of relativistic degrees of freedom contributing to the entropy density, and make this assumption throughout the paper. 7 In this section, h will label a component of the tensor h T ij . For this case, the tensor-to-scalar ratio is suppressed by the c 5 s1 term, so for small values of c s1 the tensor-to-scalar ratio will be highly suppressed. For example, with the parameter values in first row of Table I with c s1 = 0.01, the tensor-to-scalar ratio is r ∼ 10 −12 . However, if c s1 assumes a higher value, then this suppression is more moderate, illustrated by the values in the second row of Table I , which with c s1 = 0.8 yields a tensor-to-scalar ratio of r = 0.002.
As in Section VI C, we do not write out an explicit expression for the scalar amplitude or tensor-to-scalar ratio for cases when either c s0 or 0 are nonzero and will soon illustrate with numerical examples instead. But before doing this, we can gain some insight by examining the case when the sound speeds and equation of state are constant. As previously mentioned, a nearly scale-invariant scalar spectrum can be produced when w is far from −1 if c s is sufficiently small. However, in this case there are added considerations as the energy density changes significantly during the course of inflation. If inflation lasts just long enough to solve the 'horizon problem' (see Appendix B for details) and Λ is the energy scale at the beginning of inflation, A ζ will be given by This issue is demonstrated for the slow-varying sound speeds case in the fifth row in Table I , in which w varies close to −2/3. To attain the same scalar amplitude as was used in the other examples in Table I and have inflation start at or below the Planck scale and last for a sufficiently long duration, c s had to assume the extremely small value of ∼ 10 −8 . In the fourth row of Table I , w −5/6, so while the departure from −1 is still significant, we find c s can assume much larger values near 10 −3 -and smaller values of w may have correspondingly larger values of c s .
However, even if we do not tune c s to be very small, it is theoretically interesting that we can achieve a scaleinvariant spectrum far from w −1 even if the amplitude of perturbations are not large enough to match observations. For instance, the parameter values w = −2/3 and c s = 1/10 produce a slightly blue-tilted spectrum for both scalar and tensor perturbations (with n s ≈ 1.04 and n T ≈ 0.04). Understanding the physical origin of this near scale-invariance is an extremely interesting question that might give new insight into the physics of horizons.
Lastly, we compute the value of the tensor-to-scalar ratio for our examples where either c s0 or 0 are nonzero. Using the values in the fourth row of Table I , where w varies slowly near −5/6, gives a tensor-to-scalar ratio at the pivot scale of r ∼ 10 −15 . We again see that the tensor-to-scalar ratio is highly suppressed by c s1 . With the values listed in the last row of Table I with c s0 = 0.15 yields r ≈ 10 −6 and the suppression of r is more moderate.
IX. CONCLUSION
By having a sufficiently rigid structure, a relativistic elastic solid is capable of driving an inflationary stage in the early Universe. In the case of constant sound speeds c s and c v and equation of state w, a blue-tilted scalar power spectrum is produced. Allowing the sound speeds and equation of state to vary slowly in time can result in a red-tilted scalar power spectrum with small running. When c s is small, the tensor-to-scalar ratio will be highly suppressed, but can attain larger values for higher values of c s .
An interesting feature of this model is that perturbations evolve on superhorizon scales, even in the absence of non-adiabatic pressure. The superhorizon evolution results from the shear stresses in the solid, where the propagation of a single perturbative mode causes an anisotropic pressure. Because of this anisotropy, when smoothed on a superhorizon scale, different locations in the Universe will not share the same FRW evolution, as they do when both shearing stresses and non-adiabatic pressures are absent. As a result, the perturbations do not 'freeze-out' soon after horizon crossing and consequently, the details of the end of inflation can impact both scalar and tensor power spectra for modes that are on superhorizon scales when inflation ends. The case of a rapid decay of the elastic solid into radiation was explored as a specific example.
Finally and intriguingly, we find this model allows for w to vary slowly near values that are significantly different from −1 and can find cases where this produces nearly scale-independent scalar and tensor power spectra despite being far from the de Sitter regime. This is surprising and unexpected and it would be interesting to determine the underlying physical reason for this phenomena.
